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799. 


ON CURVILINEAR COORDINATES. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xix. (1883), 
pp. 1—22.] 


THE present memoir is based upon Mr Warren’s “Exercises in Curvilinear and 
Normal Coordinates,’ Camb. Phil. Trans. t. xit (1877), pp. 455—502, and has for 
a principal object the establishment of the six differential equations of the second 
order corresponding to his six equations for normal coordinates: but the notation is 
different; the results are more general, inasmuch as I use throughout general curvilinear 
coordinates instead of his normal coordinates; and as regards my six equations for 
general curvilinear coordinates, the terms containing differential coefficients of the first 
order are presented under a different form. 


If the position of a point in space is determined by the rectangular coordinates 
æ, y, 2; then p, q, r being each of them a given function of z, y, z, we have con- 
versely z, y, z, each of them a given function of p, q, r, which are thus in effect 
coordinates serving to determine the position of the point, and are called curvilinear 
coordinates. 


But it is not in the first instance necessary to regard v, y, z as rectangular 
coordinates, or even as Cartesian coordinates at all; we are simply concerned with the 
two sets of variables z, y, z and p, g, r, each variable of the one set being a given 
function of the variables of the other set; and, in particular, the z, y, z are regarded 
as being each of them a given function of the p, q, r. 


Except as regards the symbols £, », £ presently mentioned, the suffixes 1, 2, 3 refer 
to the variables p, q, 7 respectively, and are used to denote differentiations in regard 
to these variables, viz. 
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are written to denote 
dæ de de dæ 


da 


dp’ dq’ dr’ dp?’ dp dq’ 


and so in other cases; in particular, 


4,, a, Xz denote 


Yi» Js; Js » 


£1, Z2, Zg » 


dx dz 
dp’ dq’ 
dy dy 
dp’ dq’ 
dz dz 
dp’ dq’ 


da 
dq? > Ç&e., 
da 

dr’ 

dy 

dr’ 

dz 

dr ` 


[799 


The minors formed with these differential coefficients are denoted by suffixed letters 


£, n, Š, thus 


£, &, & denote Ja7s — afa, sZ — Z, Yile— Yr2%, 


Nis Ne, Nz » Zalig — £305, 


is E e » (91/3 — U3Yo, 


The determinant | z, y,, 2 | is put = D>: 


5, Vs; Z3 


and the symbols (a, b, c, f, g, h), (A, B, C, F, G, H) are 


a= a+ yi S 

b= æ+ yet cu 

C= Bit YS 25%, 

f = ay + Vals + 2223 , 

8 = BX + YsYi + 2321, 

h= asd YY. + AZ, 
We have then, further, 


| | the eed, 
Gc Meo d 

Vs Ys, Za | 

£, m & |= I, 
Ë, mw “Š, 

Cs ms, T 


£44, — 223, Zila — 230, 
434, — 419a, — 4192 — Voti, 


so that, as regards these letters £, », £, the suffixes do not denote differentiations, 


A= £v 7: + e 
B= £? T kuy Sa, 
C= EP + net 62; 
F = £,Ë, + mons + S65, 
G =% +m +661, 
H = £,Ë, +m -565. 


Az h, g = I>, 

bi b. t 

AMEN. ibu 

|, a Gs ae 3 
P ? -p 
JI AT i 
QUAS NE 


defined as follows : 


(A, B, C, F, G, H)=(be -f , ca —g*, ab —h?, gh —af , hf —bg, fg —ch ), 
L(a, b, c, f, g, h)=(B0- Ps, CA — Gs AB— Hs, GH — AF, HF — BG, FG — OH), 


which equations are at once proved, and are fundamental ones in the theory. 
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It is convenient to add that we have 


(2 dp w) gE als ), 


da’ dy’ dz Ewa 
dq dq dq | 
dx’ dy’ ae &, Ns» €, 
dr dr dr 
dæ’ dy’ dz 


p un 4 i 
that is, Dr pe &c.; and, further, 


dæ + dy} +d2=  (a,b,c, f, g, h dp, dq, dry, 
dp? + dg + d = n (A, B, 0, F. G, Hide, dy, dey. 
Differentiating the values of a, b, c, f, g, h, we have da, = à + Vin + zzi, which 
may be written in the abbreviated form ja, — 1.11; similarly 
f, = dt + YoYis + 29213 3939 + Ys Yi + 23212, 


which in like manner may be written f,=2.13+3.12, and so in other cases; observe 
that, in the duad part of any symbol, the order of the numbers is immaterial, 
2.13=2.31. The whole system of equations is 


4a, 21.11 ; 4821.12 , 14,21.183 ; 
jb, = 2.12 , 1b-2.22 , 1b-2.23 | 
$c, =3.18 , $e,=38.28 , 1623.38 


1&2. 1943.19. 1,-9.29--3.99, 422.8548. 23, 
g=3.1141.13, g,23.12-41.23, g,—3.13 41.33, 
hed, 1949.11, d1.2242.12,  h,-1.29--2.13. 


These may also be written 


jJ. fede, eee 4g M rags x-ie |, 
A ru we , 2.22 =4b, "uana Pom s. 
3.11— g, — ja, , 9.2922 f +ib , $9.898=13o, À 
artoan 131214 T eA : 
° .93 = jb, 129.913 — mh) 3,195 h 
3.23- jc | 9:80 e ME ASAE LES h) 


It is to be observed that we can, from each system of three equations,-express a 
set of second differential coefficients of the æ, y, z in terms of the first differential 
1—2 
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coefficients of the a, b, c, f, g, h; thus the three equations containing 11, written at 
length, are 


44.23 + Yı. Yn 4.20 = $a, 
We 5 ar Yo » + Z$ $, m h, E $a, 
Ly» +Ys » +2 » =2i- $a, 


three linear equations for the determination of zu, Yn, Zn; hence for a, we have 


Ly | Ly, Y, 4|-iu(y5— YzZa) +(h,— $a) (952i —3 2) (g — 485) (zs — Y221)s 
| Tos Yo, Za 
Q3, Yz, Z 


or, what is the same thing, 


Læn = $a, . Ë, + (h, — $a) & + (f — 1a;) &, 


and so for yy, za; or if (as in the sequel) we desire the value of a linear function 
Q4, + Byn + Yn, calling this for a moment O, we join to the foregoing a new equation 


ty + Byn + yz =O, 
and then, eliminating the three quantities, we have 
a By ys = 0, 
iy y By $m 
43, Yo, Zara- Niga 
| Bss Y» 2» gı— $s 
giving LO as a linear function of 4a,, h, — $a, g, - $a. 
We can in like manner form the expressions for the second differential coefficients 


of the a, b, c, f, g, h: these will of course contain third differential coefficients of the 
£y y, Z. 


Writing down only what is wanted, we have 
ja, = 12.1241. 122, 
$b, =12.12 + 2.112, 

hy = 12.124+11.22+1.122+ 2. 112, 


where of course 12.12 denotes 22,+ Y + 22, 1.122 denotes a. t&n +Y. Yim + 2. Zim; 
and so in other cases: it follows that 


$ (an + bn — 2h) = 12.12 — 11. 22, 


so that the third differential coefficients of x, y, z, which enter into the expression of 
a» +bu— 2h, destroy each other, and this combination contains really only second 
differential coefficients of z, y, z. 
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Similarly 
f = 981.234+338.12+ 3.123 + 2.138, 
ge= 31.23 +33.12+ 3.12341. 233 
€, = 2.31.23 + 2 ;9.. 199 
hs= 2.31. 28 +1.283 +2. 133, 
and thence 


fa + gas — C2 — hs = — 2 (31 . 23 — 33. 12), 


so that here again we have a combination containing only second differential coefficients 
of 2; 9, 2. 


There are thus, in all, the six combinations 


Omas om ea eee re ee (30, 
OT Tels [ DIN UOCE ($8), 
IS tl 3) codon Y... lisa von2akn: ( &), 
(OCCORRE et NETTO TTE TET ET ($8), 
ie E m ei rebat rq fer aNs (©), 
ONCE hA l A A cami cnscades apse tiases ($5), 


each really containing only second differential coefficients of z, y, z; and we thus under- 
stand how each of these combinations may be expressible in terms of the first 
differential coefficients of (a, b, c, f, g, h) We have, in fact, for thus expressing these 
combinations the six equations called (W), (38), (©), (5), (©), (H) about to be obtained, 
and which are the generalisations of Warren’s six equations for normal coordinates. 


I consider the several determinants of the form 
n; Yu, Zun |; 
Zis, Ws, A 
Zas Yo, Za | 


in all 18, since the suffixes for the top row may be 11, 22, 33, 23, 31, 12, and those 
for the second and third rows 2, 3; 3, 1; or 1, 2. Each determinant is a linear 
function of second -differential coefficients of z, y, z (thus the determinant written down 
is = æn + nn + 2), and as such it can, by what precedes, be expressed by means 
of the first differential coefficients of the a, b, c, f, g, h. Thus, if the determinant 
above written down be called C], writing £, ms, & for a, 8, y, we have 


brea lon h (ty Ll] = 0, 
Bs i, 2i, 389 
We, Ya, £5, hy-— $a | 
Ws, Ys, £50 g — la | 
L.O=- Ë, m 5| 
dà, 4, Wy, 4 
h, — $a, 4 Yo, Z 


Qi B 1a;, T3, Vs; 43 


that is, 
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where the right-hand side is 
= ia . £,Ë, + Nm + 55 
— (h, — $a). — (&& + mm + F285) 


T (g, sN 385) . Er +3? + Š, 
which is 


= G. 4a, + F (h, — fa.) + C (g, — 125), 
or, as this might be written, 
—(G, F, Cla, h, g:)-4(G, F, Can, ay; as). 
Retaining the former form, the result is 
L.O=@. 4a,  F(h — $a.) + C (p; — dar), 


and it is now very easy to write down the complete system of the 18 


[799 


equations ; 


viz. if the determinant above written down be called 11.1.2, and so in other cases, then 


we have 


| 2.8 A H G 
8.1 H B : F 
1.2 G F C 
eth |. m 4a, h, — $a, g, — $a; 
x7 99 qu ee h, — $b, ib, f, — ib, 
"ES DM ME gs— ie f, — +o, io 
» 28| , -i(-f + z, + hs) 4b; 1 o, 
x VE p s EE jas i(í-g +h) $ o, 
AC Nur aad jb, +(f, + ga — h): 


read for instance 
£.11.1.2=G. $a, + F (h, — 3a;) + C (g, — $a), 


the equation obtained above. 


There are eighteen functions as shown by the following diagram: 
BDA ded 1 1.9 
(22) (33) — (23) 2.3 
(33) (11) — (31) 3 
(11) (22) — (12)? LP 
(31) (12) — (11) (23) | 2 
(12) (23) — (22) (31) | 3 
(23) (31) — (83) (12) | 1 


t2 E: Y N m 


www.rcin.org.pl 


799] ON CURVILINEAR COORDINATES. 7 


viz in any line of the diagram the bracketed duads may belong to any one at 
pleasure, but all to the same, of the three pairs 2.3, 3.1, 1.2; thus the first line 
might be | i 
(22.3.1)(83.3.1) (29. 3.1); 


or, instead of the 3.1, we might have 2.3 or 1.2. But of the 18 functions I dis- 
tinguish 6, viz. those in which for the six lines respectively the pairs are 2.3, 3.1, 
1.2, 2.3, 3.1, 1.2, as shown in the diagram. Each of these six functions can be 
obtained under two different forms, and by equating these we have the equations 
(W, (8), (C), (8), (G), (H), before referred to; thus (©) is obtained by equating two 
different forms of the function (11.1.2)(22.1.2) — (12.1.2); and ($) is obtained 
by equating two different forms of the function (23.1.2)(31.1.2) — (88.1.2) (12.1.2). 


The determinants 11.1.2, &c, may be denoted by accented letters a, b, c, f, g, h, 
as follows: 
M UE UN Cas) Caste Pe, Come, Uo fg’, bh’, 
Yu» Yz, Vs» Yoo, Yur Yz | Yo, Ys 
Zu; Zo, 233, 23, Za, Z | 22, Z; 
oy ga vA Moma, oY sel sg, ch’, 
Yz Yı | 
Ad 
E " dw sns v DU a pr gt hin; 
Yis Yə 
£1, 43 
viz. 
Ey; 4, & |=, Be. 
Yu, Yo, Ys 
£u, Z2, 23 


In this notation, (Œ) is obtained by equating two values of a”b” —(h”¥, and ($) 
by equating two values of fg” — ch". 


The forms which I call the second are those given by the immediate substitution 
of the foregoing values of (11.1.2), &c.; to obtain the first forms, I proceed to 
calculate those of (©) and ($). 


Forming by the ordinary rule the product of the determinants (11.1.2) and 
(22.1.2), which are 


du; Yu ^u and | 2, Yoo, Z» |, 
4; YN, ^. mM, Ys ^4 


Qo > Yo > Zo. Ta , Yo , Za 


www.rcin.org.pl 


8 ON CURVILINEAR COORDINATES. [799 
this is 
1b. 22). 1.115 Sade: 
1,39, 1.1; 272 
2.28, 1.2.5 Xx 


where 11.22 denotes a4%+4:nYo2+ 2525, and the like for the other symbols. In like 
manner, the square of the determinant (12.1.2), that is, of 


4, Yr, Ae |; 
Ti, YW, A 
La, Yo, Z2 
is | 
19.319. 1.19. 2:019 15 
1.22 (Ace 18 
2,12; 21 5.122 


or, observing that in the two resulting determinants the terms 11.22 and 12.12 are 
multiplied by the same factor, the expression for the difference gives 


(11.1.2)(22.1.2) - (12.1. 2)? 


=(11.22—12. Fe inni 1,9191. (D, Me a Be o. Ui SD Te 
1.2, viata 1308 a q u 252 ' 98 ee ee 
2.92, 1.2, 2.2 2.19. \42-,> 9.9 


containing 11.22 — 12.12, which, by what precedes, is 
——4(a54- by —2h;); 
the other terms are also known, viz. the whole value is 
= — $ (a5 + bi; — 2h) (ab — h?) + | 0 , $a, h,—daj/—| 0, ja, $b, |, 
h,—4b,, a, h Faa By 
ie ib, Bh," jb 


which is 
=— $ (aa + bu — 2h,») (ab — h°) 


+a (lb? —4b,h, + łab») 
+b Gaz —1ah,-iab) 
+ h (z2a,b, — Za,b, + h,h, — asha — $b,h,), 
— (ab — h?) k, where k is the measure of curvature. 
In the same way, we have 
(23,1.2)(81.1,2) = (833.1,2) (12,1, 2) 
=| 23.31, 1.31, 2.31 }—| 12.38, 1.39, 2.33 |, 
1:29, 7141 , 01.2 | MBIELIAES 1.9 
2428, ^142.; 2.2 212, 31.29 , 9,39 
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which is 
NUXDD-IEMIILTTDRUCO a ee, 2.12|—|.0 , L.99 $9.88 |, 
1.2, f Je .l1 x) 1.2 EJ OLI. 1.2 
2.25 1.2," 2,2 tule, L2, 2.2 


containing 23.31 — 12.33, which by what precedes is 
= — $ (gs + fa — C2 — hy); 
the other terms are also known, and the value is 


=— $ (Ses + fa — Cy — hss) (ab — h°) 


v 0 ; 15, +h- g, + h;) => 0, gs — $c, f; — 1e, , 
$ (— f + g, + hs), a, h das, a 3 h 
ib, ? h , b ib, h ñ b 


or finally this is | 
= — i (gs + fa — Cig — hj) (ab > h?) 
+a (4b, f, _ 1b.f — tb, c, + tb, 2, > kb. h.) 
+ b(lag.— la,g, — ac + Za,f, — lah) 
+ h (la,b;+ 2b;c; + fac, — bigs — ña,f, + 2h? — 1 (f, gy}. 


The remaining four of the six functions can of course be obtained from the two 
just found by a cyclical interchange of the letters and suffix-numbers 1, 2, 3, and it 
is not worth while to write down the values. 


The two values of (11.1.2)(22.1.2) — (12.1.2) are 
— (85, + by — 2h,,) (ab — h?) +a (1b? — 2b,h, + $a ba) 
+ b (ła — jah, + łab) 
Fh {2 (a,b, — a; b) + hy hs — $b: h, SI ja, h;), 


{G . $a + F (h, — $a) + C (g, — $a,)} . (G (h, — $b,) + F . $b, + C (f, — $b,)} 
— {G.4a,+F.4b,+C.$(f,+92—h,)}?, 

where, in the first value, for a, b, h, ab — h? we must write L?(BC — F°), L—(CA — G), 
L— (FG — CH), and L?C; making this change, multiplying by 4 and equating, we obtain 
— 9I?C (a. + b — 2h4;) 

+ (BC — F?) (b? — 2b,h, + azb) 

+ (CA — G) (a? — 2a, h, + abı) 

+ (FG — CH) (ab, — a,b; + 4h, h, — 2b,h, — 2a,h,) 

— (Ga; + F (2h, — a;) + C (2g, — a,)) [G (2h, — bi) + Pb, + C (2f, — b;)] 

+ (Ga, + Fb, + C (f, + gç — hj)? -0 


and 


C. XII. 
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Developing the fourth and fifth lines, it appears that in this expression the 
coefficients of F°, G and FG each of them vanish; the whole equation is thus 
divisible by C, and omitting this factor throughout, the equation becomes 


= — 2L? (a + by — 2h;;) 
+ A (a? — 2a, h, + a,b;) 
+ B (b? — 2b,h, + a,b.) 
+ C [— a,b, + 2a,f, + 2b,g, — 4f,g, + (f, + g, — hy} 
+ F [(a,b, — a,b;) + 2 (big, — bog.) + 2 (bsh, — b h;) + 2 (asf, + bf, — 2h,f;)] 
+ G (ab, — a,b, + 2 (asf, — a, fo) + 2 (ash, — ajh;) + 2 (arg, + big; — 2g h)] 
+ HÍ 2 (a,h, + bih, — 2h,h,)} ; 
this is substantially the required equation (©), but the form of it may be greatly 
simplified. 
Forming the identity, 
0 = 2D [(a,—h,) L+ (b —-h)Z]- — A (qb, — ah, — ah, +a ) 
— B(b? —b,h,—b,h, + aba) 
— O (b,c; + a,c, — ch, — ch;) 
— 2F (bf, + af, — fih, — fh; ) 
— 2G (bg; +g, — gh, — ghi) 
— 2H (ah, + b,h, — 2h,h,), 
we add hereto the last preceding equation; the coefficients of A, B, F, G, H thus 
assume new and simple forms, but the coefficient of C requires a further transformation. 
Assume 
Q = (bic, — £?) + (c,a, — g”) + (ab, — h.) 

+ (gzh; + gsh, — asf; — asf.) + (haf + hif; — big; — bg) + (fig; + £g, — eh; — eh); 
then, if we add to the equation C multiplied by this value and subtract CQ, the coefficient 
of C takes its proper form, and the equation is 

— 2I? (à + by — 2h,,) 

+ 2L [(b, — h,) L, + (a, — h,) L,] - CQ 

+ A (— (ah, — a,h)) 

* Bí (b,h,—b,h,)} 

+ € {— (asf, — a£) + (bg; — bigs) — (gshs — g;h,) — (hf, — hif) + 3 (fg; — f,g))] 

+ F {—(a,b; — a,b,) + 2 (big, — b.gi) + 2 (bh; — b; h;) — 2 (hy fy — hef,)} 

+G i- (asb, — a bs) — 2 (a, fy — a,f,) — 2 (ash; — ash.) — 2 (g;h, — geh,)} 

+H [- (a,b, — a, b,)} 
zx; 
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where, as a verification, observe that the letters (a, b) (f, g) may be interchanged if 
at the same time we interchange the suffixes 1 and 2. 


The two values of (23.1.2) (31.1.2) — (83.1.2) (12. 1. 2) are 


— $ (ga + f, — e, — hs) (ab — h?) 

+ a ($b, f, — 1b,f, — 1b,c, + 1b,g, — bshs) 

+ b (Sag; — asg — Fare, + Za, f, — ah) 

+ h (Za,b, + tbc, + 12,0, — $b.gs— Fafo + Th — F (f, — gi) 


and 


(G@.1(—f, +g, +h)+ F.1b,+ C. deo} (G. da +F. $ (fi — gs +h) + 0. 1] 
— [G (gs — $e) + F (f, — yo) + C. 3e] (G. faa +F. $b, +C.4 (f, + g, — h;)], 
and here for a, b, h, ab —h*, substituting their values, multiplying by 4, and equating, 


we have 


— 2I? (ga + f, — e, — ha) 
+ (BC — F?) (2b,f, — b,f, — b,c. + bg; — bshs) 
+ (CA — G°) (224g, — a,g, — aC + asfi — as hs) 
+ (FG — CH) (a,b, + b,c, + a4c, — 2b; g; — 2a,f, + h° — f? + 26g. — g2) 
— [G (— f, + gx + hs) + Fb; + Cca} (Ga; + F (f, — g: + hs) + Cc) 
+ {G (2g; — o) + F (2f, — c) + Ces} (Ga; + Fb, + C (f, + g, — h;)] — 0. 
Here again the terms in F?, FG, G all vanish, hence the whole equation divides 
by €; throwing this factor out, we have 


— 2I? (ga + fn — e — ha) 

+ A( 2ag, — ag — a6 a f, — a; hy) 

+B( 2b,f—bsf — bet bg bshs) 

+O (— ec tefi + 6g-— c, hs) 

+ F (— (bse, — bio) — 2e.f, + 2f,f, + 2g,f, — 2f hs} 

+@( aca — 2og + Bigs + 2g28s— 2gshs) 

+ H(= asbs;— bie, — ac, + 2b;g; + 2af, — h? + f? — 2f g, + g?) = 0, 
which is substantially the required equation ($); but the form has to be altered. First, 
multiply by 2, then forming the expression 


2L [(f, — cy) Li + (g — €) Lo + (f, + g:— 2h;) Ls] 

(f, — c,) (Aa, + Bb, + Co, + 2 Ff, + 24g, + 2Hh,) 
+ (gy — c) (Aa, + Bb, + Cc, + 2Ff + 26g, + 2Hh,) 
+(f + go — 2h) (Aa, + Bb, + Cc; + 2Ff, + 26g; + 2 Hh;), 


2—2 
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this is 
= A(— aa- ac + af, + a,f, + 85s + asg — 2a,h;) 
+ B (— b,c, — b.e, + bf, + bf, + bigs + bg:— 2b; hs) 
+ C (—2c, c, + €f + ef, + Caga H C382 — 2c, h;) 
+ 2F (— ef, — cof, + 2f, f, + bgs fg. — 2f h;) 
+ 98 (= C182 — C281 + figs 7 bg: + 2g.g,— 2g,h;) 
+ 2H(— «h,—oh + g,h,-+ g,h,+ h,f- h,f, — 2h); 
then adding this expression 
(f, — Cy) L+ (2; -= 0) L,+ (f, tis 2h;) L, 
and subtracting its foregoing value, we have an equation with new coefficients of 
A, D, C, F, G, H, all of which, except that of H, are in the proper form, and for the 
coefficient of H, recurring to the foregoing value of Q, we must add to the equation 
2H multiplied by the value of Q and subtract 2HO. The final result is 
— 412 (£o + fa — Co — hs) 
+ 2L [(f — c) L, + (gs — €) L, + (f, + g; — 2b,) L,] - 2HQ 
+ A{ 3(ag; —asgr) — (Cia — Ga) + (asf, — af, )} 
+ Bí-3(bf-bf)- (bie, — b,c,) — (bg; — b,g.)] 
+ C Í (esf, — €f; ) — (cogs — c, g;) } 
+2F {— (boe — bic) + (àf — ef, ) — (fogs — fsgs )} 
{— (Czas $ 06585) E (G ga e C281) m (gi -f gs) 
+ 2H {— (bg —bigs)+ (af, — af) p=, 
which, it will be observed, remains unaltered by the interchange of a and b, f and g 
A and B, F and G, the suffix numbers 1 and 2 being at the same time interchanged. 


We have thus the required six equations, in which 
I? = abe — af? — bg? — ch? + 2fgh, 
Q = b,c, — f? + 6,2, — g? + a,b; — h; 
+ (gh; + gsh: — af, — asf) + (hsf, + hif; — b,g, — bigs) + (figs + fg; — af; — afi), 


and where I write also, for shortness, abl2 for a,b,— ab, &c.; viz. the equations are 


0 = — 2I? (bs + c, — 2f) (XW). 

42LT . (cs — fs) L, + (b, — f) Ls] - AQ 

pud 11 —  bg3l--  chl2.-3.gh23— hf81— fgl2) 
+ B {— bf28 } 
+ C {+ cf23 } 
+ F {—be23 } 
4G (— be31 + 2.cf12 ; -2.ch28 . —2.fg23} 
+ H {—bel2 — 2.bf31 — 2. bg23 , . —2.hf23} 
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= — 2L(e--as — 28ga) 


+ 2L [(e; — gs) L, i + (as 


ubt E ag31 


C j — egal 
F {— ca23 
G (— ca31 


+ + + + + 


0 =— 2I? (as + by — 2hy) 


B. af 1 E. dieu 


—2.cg12 — 2.ch31 — 2. fg31 


H (— cal2 + 2. af31 + 2. ag23 


+ 2L [(b, — hj) L, + (a, — hy) L, 


+ AÍ . . —  ahl2 
"hu dE iue +  bhl2 
+ O |— af23 + bg31 a 
+ F {— ab23 

+ Gí—ab31 . —2.afl2 
+ H {—abl2 


0=— 4I (£i + h, — a5 — fn) 


| 
| 
| 
+ 2. bg12 + 2.bh31 — 2. hf12} 
| 
| 


— gı) Ls] — BO 


| 
gh23 + 3.hf31— fg31] 
j 
| 
| 
} 


2 .gh31 


gh23 — hf3l + 3. fg12 


+ 2.ah23 — 2. gh12 


+ 2L [(g, +h, — 26) L, + (g; — ay Ly -(h — a) L] —2FO 


Al, agl2 — 
Bí—-ab23--  bgl2 3. 
C {— ca23 — 3.cg12 — 

+ Hen + bg3l — 

+ 2G {— cal2 + ag23 

+ 2H (— ab31 i — 


0 = — 4I? (ha + fig — ba — Zo) 


ah31 


ah23 — 


| 


— gh3l 


| 
| 
j 
| 
gh12} 


+ 2L [(f, —b,) L, + (b; + f, — 2g) L, + (h, — b) L,] — 2G0 


+ A [— ab81 — 3.ah23 — 
Bí bh23 — 
C {—be31+ ch23 +3. 
+ 2F {- bc12 _ = 
+ 2G { + chl12- 
+ 2H {—ab23+ — bh31 


af12 
bf12 
cf12 
bf31 
af23 


| 
J 
| 
— hf23) 
| 
12) 


— hflz 
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Q0 = — 40? (f, + ga — Cre — ha) (9). 
+ 2L [(& — c) L, + (g, — e) L, + (fi + g: — 2h;) L] — 2HQ 
+ Al—cal2+ af31+3.ag23 } 
+ Bí—bc12—3.bf31— bg23 } 
+ G ana, cf3l— cg23- } 
+ Fí—bce31-4 cf12 í — fg23} 
+ G {- ca23 —  cegl2 — fg31} 
+ HHÍ . + af28—  bg3l } 


It would be possible in these equations to introduce the symbols AB12, &e. in 
place of ab12, &c, and then writing A = B= C— 1, all these symbols other than those 
where the letters are GH, HF or FG would vanish, and we should obtain Mr Warren's 
six equations for normal coordinates. But in the general case it would seem that there 
is not any advantage in the introduction of the new symbols 412, &c., and I retain 
by preference the equations in the form in which I have given them. 


To the foregoing may be joined a symmetrical equation obtained (as by Mr Warren) 
by multiplying the several equations by a, b, c, f, g, h respectively, and adding; the 
result is in the first instance obtained in the form 


“aba AO «TAG EDI wb lu is GR (M), 
where 
@= a (bs + e, — 2£5) 


+ b(ey + as —2ga) 
+ c (ag + b; — 2h) 
+ 2f (gi + hy — a, — fn ) 
+ 2g (h, + fie — ba — ga) 
+ 2h (fn + gx — cx — hs). 


For W, collecting the terms which contain Z4, L,, L, respectively, and attending 
to the values of (A, B, C, F, G, H), 


= (be — f*, ca — g?, ab—h’, gh — af, hf — bg, fg—ch), 
this is easily reduced to the form 
Y = (4; H, + G,) L, + (Hs + Bb,+ F,) L, + (G, + F, + 0) L. 
The term in 2 is 
=—(Aa+ Bb.4 Co+2Ff+2Gg + 2Hh) Q, 
= — 370, as above. 


www.rcin.org.pl 


799] ON CURVILINEAR COORDINATES. 15 


For the calculation of D], collecting the terms, we have O = 


— 


23 4BOCPFOGH/|92|40ren|s|anpocren 
dio -a be -g-22h- a | be =h - 9g ears Se 
ca -—fs b-—2h ca —- b ca |-h - 2f- b 
ab -f — c —2g | ab |-g — c-2f | ab di. 
af b-c —2g 2h | af h 2b | af I-g — 2c 

bf -a bf -3h -2g — 2a | bf -g 

cf a cf h cf Se Sh 248 
ag | 3h 2f 2b| ag] b ag | f 

bg =h — 2a | bg |-a +o. Of -2h | bg f 2c 

cg -h eg —b eg — 3f — 2b - 2h 
ah |- 3g -2c -2f | ah |-f "gem 

bh g bh 9f 2c 2g | bh c 

ch g 2a ch -f-— 2b ch | a-b — 2f + 2g 

gh |- 3a-b-c gh —2f — 2b | gh — 2c - 2f 
hf - 2g =a | hf |-a 3b-c hf — 2c — 2g 


viz. this is 
D] = be23 . — aF + bc31 (— gC — 2hF — aQ) + bel2 (- hB — 2gF — aH) + &c. 
Some however of the coefficients require reduction; for instance, that of bc31 is 
— — (a, h, gý G, F, C) - hF, =—hF; and so — hB—2gF —aH is =—(a,h, gi H, B, F) ~ gf, 
— —gF. After these reductions, the value is found to be O = 


be23.—aF + be31.—hF + bel2.—gF 
+ ca23.— hG + ca31.— bG + cal2 .— fG 
-ab23.—gH . + ab31 . — fH + abl2.—cH 
+ af23 (— gG +hH) + af3l (bH — fG) + af12 (fH — eG) 
+ bf23.—aB + bf31.—hB + bf12.—gB 
+ cf23 . aC + cf31.hC + cf12.gC 
+ ag23.hA + ag31 . bA + agl2.fA 
+ bg23 (gF — aH) + bg31 (— h.H + fF) + bg12 (cF — gH) 
+ cg23.— hC + cg31.—bC + cgl12.— fC 
+ ah23.— gA + ah31.—fA + ahl2.— cA 
+ bh23.gB + bh31.fB + bh12.cB 
+ ch23 (aG — hF) + ch31 (hG — bF) + ch12 (— fF + gG?) 
+ gh23 (344 —bB—cC)+ gh31.2h.A4 + ghl2.2g4 
+ hf23.2hB + hf31 (— aA + 3bB — cC) + hf12.2fB 
+ fg23.2gC + fg31.2fC + fg12 (- aA — bB + 8eC); 
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or, arranging the terms in a different order, this may be written 


O= 
AÍ a(3.gh23 — hf31 — fg12) + b. ag31 — c. ah12 —c.ahl2 
+ f(ag12 — ah31) +g(2.gh12—ah23)+h(2. gh31 + ag23)} 
+ B {—a.bf23 + b(— gh23 + 3. hf31 — fg12) + c. bh12 
+ f (2. hf12 + bh31) + g (bh23 — bf12) +h (2. hf23 — bf31)} 
+C{ a.cf23 — b.cg31 +e(—gh23 — hf31--3.fg12) 
+ f(2.fg31 — cg12) + g (2.fg23 + cf12) + h (cf31 — eg23)] 
+ F {—a.be23 — b.ch31 +c. bgl2 
-f(bg31— chl2) + g(bg23 — bc12) — h (ch23 + be31)] 
+ G {+ a.ch23 — b.ca31 —c.af12 
—f(af3l+cal2) +g(chl2 —af23) + h(ch31 — ca23)] 
+ H (—a.bg23 + b.af31 — c. abl12 


+ f(af12—ab31) -—g(bgl2--ab23) +h (af23 —bg31)}. - 
Attending to the values of A, B, C, F, G, H, we have 
An + Bat Cyt 2/,-4- 2G, + 2H, 
= be, + cb, — 2ff,, + 2 (bic, — f?) 
+ 084 + ae, — 2gg» -2(ea, — g?) 
+ ab,-+ bas — 2hh; + 2 (ab, — hj) 
+ 2 (gh, + hg»; — afi; — fas + gzh; + ghs — arf, — af] 
+ 2 (hf, + fha — bga — gba + h,f, + hf, — bg; — bigs} 
+ 2 [fg + gfo — chi, — hent fige +fg, — e hs — chy}, 
which is, in fact, = 20 + 20. 
Hence the foregoing equation (IN) may alco be written 
— I (Ay -- Ba + C4 + 2F, + 2G, + 2H4,) + ALY — DPQ + D) = 0, 
where V, ©, O have their before-mentioned values. 
In the particular case where f= 0, g=0, h=0, we have 
A, B, O, F, G, H = be, ca, ab, 0, 0, 0; L*=abe; 


Q = bie + 652; + ash; ; 
the equation (A) becomes 


— 2abe (bs; + Cx») + [co (abe + bca + c,ab) + b, (as be + bca + c,ab)] — be (b, e, + Co + asb) = 0, 


that is, 
— Qabe (by; + Ca) — beb, c, + ca (b,c, + b?) + ab (b,c; + c?) = 0, 
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and the equation (8) becomes 


4abe . as — [as (as be + baca + c,ab) + a, (a4be + b,ca + e; ab)] 


— ca (ab; — a, b.) — ab (Cza — ca) = 0, 
that is, 
4abc . as — 2be . aga; — 2ca . a,b, — Zab. a,b, = 0. 


Dividing by —2abe and 4abe respectively, and completing the system, the six 


equations are 


bè e^o e ses Dio, it 
ba et et ipu n0 15:214 4/2 $e Io aise vis d ed (XW, 


en +a gi — A 4 Gale eis — + Dior PU ee (35), 
dba ea LA sb a. RS ade (6), 
E ae. aa as Oa (8), 
bU s ag oo SN = a CN TR LAN (6), 


€$8&. Cb, CC, 


LR vi c denis Bellus ovavr esr (9). 


These are in fact Lamé's equations, Leçons sur les coordonnées curvilignes, etc., 
Paris (1859), pp. 76, 78, viz. the first of the equations (8), p. 76, is 


dH _1dHdH, | dH dH, 
dp,dp, HH, dp, dp, He dp, dp,’ 


which, in the notation of the present paper, is 


(Va)s = Fg (Va) (Vb) + Z (Va (vo), 
Here 


and the equation therefore is 


Bac PAL T a b, NIST as Cy 
Va aya Wb ya yb ? Vo wa yo’ 
which, multiplying by ya, gives the foregoing equation 
axa, ab, a, 
WIS KS YS uae 


C. XII. 
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The first of the equations (9) p. 78 is 
3 (148), 4 (1 4E), 1 4E ah 
dp, MH, dp,/ dp VH dp Hé dos dp ^" 
which, in the notation of the present paper, is 
(aM) , ((Vb) 
[21 e {OOM +1 ab) 0. 
This gives first 
a, b, a; bs Š: 
Moen Gent ie 
and then 


89 
i Va Jb IAS ZI 
bu b; a, bi tasas vb 
ti Va A/ b HILL OR x De 


which, on multiplying by va vb and reducing, gives the foregoing equation 


2 2 
gni oo 2 PES des e. - 0. 
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